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In a recent paper Lalli [l] discussed the properties of the solutions of the 
differential equation: 
(r(t) W)’ + 4t)fW go4 = 0 
, d 
dt ’ (1) 
in which g was assumed to be a strictly positive function and f was so that 
uf (u) > 0. These assumptions strongly limit the class of differential equations 
for which Lalli’s results are applicable. In this note an enlarged class of 
differential equations are considered of the form 
(r(t) u’(t))’ + 4)f (4 ‘du’) + b(t) 44 Mu’) = 0 (2) 
in which the assumption on f and g are unaltered while h and m are chosen so 
that h(u) > 0 and urn(u) > 0. It is rather interesting that in so doing none of 
the proofs presented in [l] will have to be greatly modified; moreover, the 
class of differential equations of the form (2) include generalizations of such 
well-known differential equations as the LiCnard equation which are not 
included in the class studied in [ 11. In what follows we shall demonstrate how 
the properties of (2) can be deduced from those proved for (1). 
In the sequel it is assumed that: 
0) 
(ii) 
(iii) 
(iv) 
w 
(4 
g(u’) is continuous and positive for all values of u’. 
f(u) is a continuous function of u with f (0) = 0 and Sgn f (u) = Sgn u. 
h(u) is a nonnegative continuous function of U. 
m(~‘) is a continuous function of u’ with Sgn m(u’) = Sgn u’. 
u’-tE . s 
u 7 
-dr=m= lim 
o g(T) u+*cc S:f@) ds 
a(t) and r(t) are strictly positive. 
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Equation (2) is equivalent to the system: 
x’=y 
y’ = - r(t) 
f@y -*f(x)g(y) -ah(x)m(y). 
r(t) r(t) 
(3) 
The theorem on asymptotic stability may be stated as follows: 
THEOREM 1. If, in addition to (i)-(vi), we assume that a’(t) < 0, r’(t) > 0, 
b(t) 3 0, and there exist two positive numbers 01 and /3 such that lim,,, a(t) = LY 
and lim,,, r(t) = 8, then the solution of the system (3) is stable. 
Proof. Consider the function 
(4) 
Since (a(t)/r(t)) > (a//l) > 0, the function V is positive definite and V-+ co 
as/xl+lyI+oo. 
Calculating (dV/dt) on the solutions of system (3), we get 
qx, y q = _ r’(t) 44 - a’@) y(t) > r2w s If(s) ds - &y2 
- b(t) ym(y) h(x) < () 
r(t) g(Y) 
for t 3 0. 
(5) 
Therefore, V is a Lyapunov function for system (3) and the proof is complete. 
COROLLARY. If, in Theorem 1, we change the assumption of a’(t) < 0 to the 
following : 
(1) a’(t) > 0, and 
(2) r(t) a’(t) - a(t) r’(t) < 0, for all t > 0, 
then the conclusions of this theorem hold. 
In Theorem 1 the origin is completely stable if either r’(t), u’(t), and b(t) 
or r’(t), u’(t), and h(x) do not vanish identically. 
THEOREM 2 (Boundedness). If, in (2), in addition to conditions (i)-(vi), we 
assum 
(vii) a’(t) < 0, r’(t) ,( 0, lim,,, a(t) = a? > 0, lim,,, v(t) = p > 0, 
T E 9(0, co) and b(t) > 0. 
(viii) either (v”/g(v)) < 00 or r’(t) = 0. 
Then for every solution u(t) of (2), 1 u(t)/ and 1 u’(t)1 are bounded. 
40913113-3 
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Proof. Let us denote 
Then if we multiply (2) by (u’/g(u’)) and integrate the resulting equation 
between T and t > T, we get 
r(t) GT(u’) + a(t)F&) - ,; r’(s) GT(u’) ds - J; u’(s) F&J) ds 
+ f)(s) 3 h(u) ds < c - 1; rr(s) -& ds. 
(6) 
Since the integral on the right hand side of the above inequality is bounded 
and since Gr(u’) and F=(u) are positive, we have 
r(t) Gdu’) + 4t)F&4 < K (K > 0). (7) 
Since Go -+ co as 1 u’ j -+ co and F~(Y) -+ 03 as 1 u I--+ CO and since r(t) 
and u(t) are bounded below, (7) implies that / u 1 and 1 d 1 are bounded. 
THEOREM 3 (Boundedness). In Theorem 2 ;f the condition u’(t) < 0 is 
replaced with u’(t) > 0, then the conclusion of Theorem 2 holds. 
Proof. Equation (6) implies that 
#F,(u) < K + ~)WW) ds (K > 0). 
Using Bellman’s Lemma [2], we have 
Hence, 
u(t)FT(U) < K exp [I:% A] < c. 
F,(u) < -5. 
a(T) 
The boundedness of Gr(u’) is a consequence of the fact that (6) can be 
written in the form 
r(t) GT(u’) < 1; u’(s) FT(u) ds + K 
dK----, dt) < K O1 
47 a(T)’ 
The proof is complete. 
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Now we shall demonstrate the boundedness property of the solutions of 
the related nonhomogeneous differential equation: 
(r(t) w)’ + 4t) gWf(4 + w 44 mod = 4(t)* (8) 
THEOREM 4. If, in addition to the assumptions of Theorem 1, we assume 
that q(t) E 9(0, co) and 
@)g(y) G 
ly’ ‘zdT+l, 
I 0 g(T) 
then every soZution of (8) sutisfring the initial conditions x(O) = x0 , x’(O) = y. 
sutisjies 
I x(t)1 < B, 1 x’(t)’ < B for all t > 0 
where B = B(x, , yo). 
Proof. Since in (4) (u(t)/r(t)) is bounded below, and since G(u’) -+ co as 
~~‘~+coandF(zr)+ocas~u~ -+ co, it suffices to show that V is bounded. 
In the nonhomogeneous case, (5) becomes 
v+, Y, t) GY$g(u) 
< I Y I I 4P)l I .dY)l 
r(t) 
< y [s o k dT + l] I dt)l 
< (W,Y, t) + 1) I &>I - 
If the above equation is integrated from 0 to t > 0, we get 
W, Y, t) - Wo , yo , 0) < It I a(41 dT + It V * I 441 dT 
0 0 
<K+ I t V . I &)I dr; 0 
by Bellman’s lemma 
V@, Y, t> < K exp (JI I ddl dT) < ~2. 
This completes the proof. 
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When a(t) does not vanish identically, the question of whether an oscillatory 
solution that approaches a closed curve does exist or not becomes quite 
interesting. In the case when r’(t) = a’(t) = 0, b(t) > 0 for all t > 0, and 
h(u) > 0, the solutions of system (3) are asymptotically stable in the large and, 
therefore, a limit cycle cannot exist. The existence of a limit cycle can be 
insured only when certain restrictions are imposed on m(d) and h(u) as well 
as on the rate of growth of b(t). 
THEOREM 5. If in addition to the assumptions of Theorem 3, we assume that 
(ix) y/m(y) < 6, , for all 1 y 1 < B and l/h(x) d 6, for all I x 1 < B, and 
b(t) = o@‘(t)), then every solution of (3) is oscillatory and asymptotically 
approaches a simple closed curve in a spiral manner. 
Proof. We note that under the above assumptions (dV/dt) 2 0 for all 
t > to . The rest of the proof is precisely that of Theorem 4 in [l] and is 
omitted herein. 
The following is an immediate corollary. 
COROLLARY. If in Theorem 3, assumption (ix) is replaced by 
(ix)’ (s(r)/rm(rN G 61 for all I Y I G 4 CJzf (4 W44 G 6, for afl 
1 x 1 < B and b(t) = o(a’(t)), 
then the conclusions of Theorem 5 hold. 
Note. It should be mentioned that Bihari also developed in [3] some of 
the results in [I] for the special case 7 = 1. 
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